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Roborta vs. the Fair Light!

Pedro R. D’Argenio

joint work with
Pablo Castro, Ramiro Demasi, and Luciano Putruele
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Stochastic games

A stochastic game is a tuple G = (V, (V1, V2, Vp), d) where
1. V=Viw VoW Vpis a finite set of vertices (or states), and
2. 6:V xV —|0,1] is a transition, such that

a. foro e ViUV, §(v,-) : V. — {0, 1} is the non-deterministic choice, and

b. forv e Vp, d(v,-) : V — [0,1] is a probability function.
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Stochastic games

A stochastic game is a tuple G = (V, (V1, V2, Vp), d) where
1. V=Viw Vo Vpis a finite set of vertices (or states), and
2. 6:V xV —|0,1] is a transition, such that

a. foro e ViUV, §(v,-) : V. — {0, 1} is the non-deterministic choice, and

b. forv e Vp, d(v,-) : V — [0,1] is a probability function.

o If Vp =), then G is a 2-player game.
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Stochastic games

A stochastic game is a tuple G = (V, (V1, V2, Vp), d) where

1. V=Viw VoW Vpis a finite set of vertices (or states), and

2. 6:V xV —10,1] is a transition, such that

a. foro e ViUV, §(v,-) : V. — {0, 1} is the non-deterministic choice, and

b. forv e Vp, d(v,-) : V — [0,1] is a probability function.
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o If Vp =), then G is a 2-player game.

o If Vi, =0orV, =10, then G is a Markov Decision Process.
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Stochastic games

A stochastic game is a tuple G = (V, (V1, V2, Vp), d) where

1. V=ViwW VoW Vpis a finite set of vertices (or states), and

2. 6:V xV —10,1] is a transition, such that

a. foro e ViUV, §(v,-) : V. — {0, 1} is the non-deterministic choice, and

b. forv e Vp, d(v,-) : V — [0,1] is a probability function.

CONICET

o If Vp =), then G is a 2-player game.

o If Vi, =0orV, =10, then G is a Markov Decision Process.

o If V] =V, =10, then G is a Markov chain.
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Stochastic games

A stochastic game is a tuple G = (V, (V1, V2, Vp), d) where
1. V=Viw VoW Vpis a finite set of vertices (or states), and
2. 6:V xV —|0,1] is a transition, such that

a. foro e ViUV, §(v,-) : V. — {0, 1} is the non-deterministic choice, and

b. forv e Vp, d(v,-) : V — [0,1] is a probability function.

We also consider a reward function r : V — RT.
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Expected Total Reward
E™ 72 (rew)

rew(p) = 3 _r(p(i))
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Expected Total Reward

1,72
£ (Tew) The sum of all state
rewards along path p

rew(p) = 3 _r(p(i))
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Expected Total Reward

inf [E772 (Tew) The sum of all state
2 €1l rewards along path p
o0
rew(p) = > _ r(p(i))
1=0
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Expected Total Reward

. T ,70
Sup lnf DR (Tew) The sum of all state

mi€Il; m2€ll2 rewards along path p

a rew(p) = 3 _r(p(i))
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Expected Total Reward

] 1,72
Sup lnf IE (Tew) The sum of all state

mi€Il; m2€ll2 rewards along path p

a rew(p) = 3 _ r(p(i))

It may go to infinity!
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Expected Total Reward

sup inf E™ "2 (rew)
m el m2€ll

1=0

a rew(p) = > r(p(i))

Stopping criteria
Prob™ ™ (O ) = 1
for all m; € II; and 7 € I,

CONICET

The sum of all state
rewards along path p

It may go-seinfinity!
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The Ilght mUSt play falr Set of all states that

repeats infinitely often in w

Set of fair plays (for Player 2):

FP = {w € Pathsg | Vv' € V5 : V' € inf(w) = post(v') C inf(w)}

post(v) ={v' € V | §(v,v") > 0}
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The light must play fair

Set of fair plays (for Player 2):

FP = {w € Pathsg | Vv' € V5 : V' € inf(w) = post(v') C inf(w)}

A strategy my € Il is (almost-sure) fair if for all my € I,

Prob™ ™ (FP) =1
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The light must play fair

Set of fair plays (for Player 2):

FP = {w € Pathsg | Vv' € V5 : V' € inf(w) = post(v') C inf(w)}

A strategy my € Il is (almost-sure) fair if for all my € I,

Prob™ ™ (FP) =1

A game is stopping under fairness if for every m; € I1; and every fair m € 113,

Prob™ ™ (& #2) = 1
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1

where 7§ is the strategy that choses uniformly a transition.
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1

where 7% is the strategy that choses uniformly a transition. By fixing 75, obtain
the corresponding MDP and check

inf Prob™ (O #2) =1

m1 €Il
there!
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1
where 7% is the strategy that choses uniformly a transition. By fixing 73, obtain
the corresponding MDP and check
inf Prob™ (O #2) =1
1 €114

there!
Actually, we check if the initial state does not belong to the set

3Pre(V \ VPre}; (¥2))
where

dPres(C) = {veV|d(v,C) >0}
VPres(C) = {veVpUVa|d(v,C)>0} U {veV |V eV :6v,0)>0=v"e€C}
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1

where 7% is the strategy that choses uniformly a transition.

Actually, we check if the initial state does not belong to the set

3Pre(V \ VPre}; (¥2)) The set of all states that

reach some state in C
where

dPres(C) = {veV|d(v,C) >0}

By fixing 75, obtain
the corresponding MDP and check
inf Prob™ (O #2) =1
1 €114
there!

VPres(C) = {veVpUVa|d(v,C)>0} U {veV |V eV :6v,0)>0=v"e€C}
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1

where 7% is the strategy that choses uniformly a transition. By fixing 75, obtain
the corresponding MDP and check

inf Prob™ (O #2) =1
m1 €Il
there!

Actually, we check if the initial state does not belong to the set

3Pre(V \ VPre}; (¥2)) The set of all states in Vp U V5 that

reach some state in C
where

dPres(C) = {veV|d(v,C) >0}
VPres(C) = {veVpUVa|d(v,C)>0} U {veV |V eV :6v,0)>0=v"e€C}
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1

where 7% is the strategy that choses uniformly a transition. By fixing 75, obtain
the corresponding MDP and check

inf Prob™ (O #2) =1
1 €114
there!
Actually, we check if the initial state does not belong to the set

3Pre(V \ VPre}; (¥2)) The set of all states in Vp U V5 that

reach some state in C The set of all states in V; that

where reach all states in C

dPres(C) = {veV|d(v,C) >0}
VPres(C) = {veVpUVa|d(v,C)>0} U {veV |V eV :6v,0)>0=v"e€C}
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Checking stopping under fairness

Theorem: A game is stopping under fairness iff for every m; € Iy
Prob™ ™ (& BR) = 1

where 7% is the strategy that choses uniformly a transition. By fixing 75, obtain
the corresponding MDP and check

inf Prob™ (O #2) =1

1 €114
there!
Actually, we check if the initial state does not belong to the set

HPTG’}(V \ VPT’G?(S:&))

where It can be calculated in

APre;(C) = {v eV |d(v,C) >0} polynomial time
VPres(C) = {veVpUVa|d(v,C)>0} U {veV |V eV :6v,0)>0=v"e€C}
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Two technical results

Theorem: Determinacy.

inf sup E™™(rew) = sup inf E"™™(rew)
o €11 w1 €lly w1 €111 mo €11
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Two technical results

Theorem: Determinacy. Moreover
< 00
inf sup E™™(rew) = sup inf E"™™(rew)
o €11 w1 €lly w1 €111 mo €11
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Two technical results

Theorem: Determinacy. Moreover
< 00
inf sup E™™(rew) = sup inf E"™™(rew)
o €11 w1 €lly w1 €111 mo €11

Theorem: Memoryless deterministic schedulers are sufficient.

sup inf E™ ™ (rew)= sup inf  E™™2(rew)
m1 €Iy mo €11 m €I P myelIMPF
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Two technical results

reduction

Lem. 2 _ to S strats. Lem. 3 .
l problem is
transient
. 1 Lem. 4
Theorem: Determinacy. i
exists min. Lem. 5 infimum is
MDUF strat. / \ bounded
: 71,72 _ : 71,72 Bellman op. Lem. 6 Lem. 7
inf sup E (rew) = sup inf E (rew) ool hehary —
71 61—.[1 T2 EHQ‘F Prop. 1 Thm. 4 ?\3151'51010 in  MD strats.
strats.

o €Il w1 €114
\ l determinacy and

Atlazs, & algorithmic solution

Theorem: Memoryless deterministic schedulers are sufficient.

sup inf  E™™2(rew)

sup inf E™™2(rew) =
7T1€H{\4D WQEHéWD}-

m1€lly mpelld
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Two technical results

reduction
Lem. 2 _ to S strats. Lem. 3 .
l problem is
transient
Lem. 4
!

exists min. Lem. 5 infimum is
bounded

MDJZF strat. / \

. . ellman op. Lem. 6 Lem. 7
inf  sup E™7"2(rew) = sup inf E"™72(rew) ooltehen /(e/ s
mo €Il 1 €11y w1 €111 mo €11 Prop. 1 Thm. 4~ Solution in - MD strats.

\ l determinacy and

Atlazs, & algorithmic solution

Theorem: Determinacy.

Theorem: Memoryless deterministic schedulers are sufficient.

sup inf E™ ™ (rew)= sup inf  E™™2(rew)
m1 €Iy mo €11 m €I P myelIMPF
Thus, the problem could be

solved as a fix point calculation on
the Bellman equations
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Algorithmic solution

Proposal: Solve the next Bellman operator

(1(0) + e post(e) 80, 0) F(0)

\

) max{r(v) + f(v') | v' € post(v)}

min{r(v) + f(v') | v" € post(v)}
0

if v e Vp\ {8
if v eV \ {ER)
if v e Vo {8
if o — B
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Algorithmic solution

Proposal: Solve the next Bellman operator

(1(0) + e post(e) 80, 0) F(0)

\

) max{r(v) + f(v') | v' € post(v)}

min{r(v) + f(v') | v" € post(v)}

0

£

V1

V2

)

if v e Vp\ {8
if v eV \ {ER)
if v e Vo {8
if o — B
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Algorithmic solution

Proposal: Solve the next Bellman operator

(P (0) + e post() S, ) F(0) i v € Vo \ {E8)
) max{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}
min{r(v) + f(v') | v/ € post(v)} ifv e Vy\ {¥4})
0 if v = B

\

any (x,x, 1,0) with
x € [0,1] is a solution!

V1
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Algorithmic solution

Proposal: Solve the next Bellman operator

(P (0) + e post() S, ) F(0) i v € Vo \ {E8)
) max{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}
min{r(v) + f(v') | v/ € post(v)} ifv e Vy\ {¥4})
0 if v = B

\

any (x,x, 1,0) with
x € [0,1] is a solution!

0 1 0
Problem: T' does not 0 V2 —>@

have a unique fixpoint

V1
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Algorithmic solution

Proposal: Solve the next Bellman operator

(P (0) + e post() S, ) F(0) i v € Vo \ {E8)
) max{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}
min{r(v) + f(v') | v/ € post(v)} ifv e Vy\ {¥4})
0 if v = B

\

any (x,x, 1,0) with
x € [0,1] is a solution!

0 1 0
Problem: I" does not 0 'z —)@ The solution has to be

AENE &l UREIUe Pl the greatest fixpoint in
(R U{oc})"

V1 ‘
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Proposal: Solve the next Bellman operator

Algorithmic solution

7(0) + T post) 00, V) (V)
) max{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}

if ve Vp\ {#0)

min{r(v) + f(v') | v/ € post(v)} ifv e Vy\ {¥4})

0

\

10

if v = HA

1/10

9/10
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Algorithmic solution

Proposal: Solve the next Bellman operator

(7(0) + Lrepotn) 00,0 () ifv € Vo {2)
) max{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}

L(f =
( )(”U) min{T(U) 4 f(’U/) ‘ = post(?})} ifv e Vo \ {E::E}
0 if v = B2
10

} 1/10
0 W,

t 9/10

(0,0, 0) is the

greatest fixpont!
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Algorithmic solution

Proposal: Solve the next Bellman operator

(7(0) + Lrepotn) 00,0 () ifv € Vo {2)
) max{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}

L(f)(v) = | ,
min{r(v) + f(v') | v/ € post(v)} ifve Vy\ {¥E}
0 if v = B&
10
1/10
Problem: T greatest 0 >
fixpoint in the extended reals t o0 ,
may be outside the reals! (52,2, 1) B ifhie
greatest fixpont!
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Algorithmic solution

(1(0) + e post(e) 80, 0) F(0)

\

) max{r(v) + f(v') | v' € post(v)}

min{r(v) + f(v') | v" € post(v)}
0

if v e Vp\ {8
if v eV \ {ER)
if v e Vo {8
if o — B
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Algorithmic solution

T(U)_+'§:v’€paﬁiv)5(U’v/)f(vl)
max{r(v) + f(v') | v' € post(v)}
min{r(v) + f(v') | v’ € post(v)}
0

if v e Vp\ {#8)
if v e V;\ {BR)
if v e Vy\ [EE)
if o — B
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Let U > max

Algorithmic solution

sup inf  EI"2(rew)

veV 7T1€H{V[D ﬂzené\/ID}"

[ min (fr(v) - ZU,Epost(v) d(v,v")f(v), U )

\

; min (max{r(v) + f(v') | v € post(v)}, U)

min (min{r(v) + f(v') | v' € post(v)}, U)
0

if v e Vp\ {88
if v e vy \ {ER)

if v eVy\ {¥}
if v = #&
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Algorithmic solution

let U > max sup inf  EI"2(rew)
veV 71 €ITIMD To €M DF

(min (T(U) + Zv’épost(v) o(v,v) f(v'), U ) ifve Ve {#}
; min (max{r(v) + f(v') | v' € post(v)}, U) ifve Vq\ {¥}
min (min{r(v) + f(v") | v € post(v)}, U ) if veVy)\ {¥)
0 if v = B

\

Proposition: T' is monotone and Scott-continuous in the lattice [0, U]V .
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Algorithmic solution

let U > max sup inf  EI"2(rew)
veV 71 €ITIMD To €M DF

(it (1(0) + S cpon) 000N f(), U)o e Vo \ {5
) min (max{r(v) + /() |/ € post(v)}, U) ifv e Vi) {#)
min (min{r(v) + f(v') | v' € post(v)}, U) ifve V) {¥8}
0 if v = B2

\

Proposition: T' is monotone and Scott-continuous in the lattice [0, U]V .

Thus, the greatest fixpoint
CONICET can be approximated from UYV.
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Algorithmic solution

let U > max sup inf  EI"2(rew)
veV 71 €ITIMD To €M DF

(min (T(U) + Zv’épost(v) o(v,v) f(v'), U ) ifve Ve {#}
; min (max{r(v) + f(v') | v' € post(v)}, U) ifve Vq\ {¥}
min (min{r(v) + f(v") | v € post(v)}, U ) if veVy)\ {¥)
0 if v = B

\

Proposition: T' is monotone and Scott-continuous in the lattice [0, U]V .

Theorem: Forallv e V, sup inf EIV™(rew)=vIT(v)
w1 €Ml mo€lld
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U > max

Algorithmic solution

sup inf  EI"2(rew)

veV 7T1€H{V[D ﬂzené\/ID}"

[ min (fr(v) - ZU,Epost(v) d(v,v")f(v), U )

\

; min (max{r(v) + f(v') | v € post(v)}, U)

min (min{r(v) + f(v') | v' € post(v)}, U)
0

if v e Vp\ {88
if v e vy \ {ER)

if v eVy\ {¥}
if v = #&
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Algorithmic solution

. Calculate U = max sup EJ*(rew) on the MDP obtained by fixing 7.

veV 7T1€H{VID

. Starting on z,, = U, approximate the maximum fixed point on the equations

y

min (r(v) + D vrepost(v) 0 (U, V)T, U ) if veVp)\ {¥)
min (max{r(v) + z, | v’ € post(v)}, U) ifveV;\ {#}
min (min{r(v) + z, | v’ € post(v)}, U ) ifve Vo {¥8}
0 if v = &2

\

. Derive the optimizing strategies by traversing the graph backwards following

only the optimizing equations and starting from #2,
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This is an upper bound for

max st EReen) - Algorithmic solution

veV 71 €NIMD o €IMDF

1. Calculate U = max sup EZ'(rew) on the MDP obtained by fixing 7.
veV m1 €IIMD

2. Starting on x,, = U, approximate the maximum fixed point on the equations

y

min (r(v) + D vrepost(v) 0 (U, V)T, U ) if veVp)\ {¥)
min (max{r(v) + z, | v’ € post(v)}, U) ifveV;\ {#}
min (min{r(v) + z, | v’ € post(v)}, U ) ifve Vo {¥8}
0 if v = B2

\

3. Derive the optimizing strategies by traversing the graph backwards following

only the optimizing equations and starting from #2,
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To conclude:

+ Solving expected total rewards on stochastic games with fair minimizer ...
... is determined
+ ... has a solution on memoryless deterministic (fair) schedulers
<+ ... can be approximated using Bellman equation

provided the game is (almost surely) stopping under fairness
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To conclude:

+ Solving expected total rewards on stochastic games with fair minimizer ...
% ... is determined .
It can be checked in
4 ... has a solution on memoryless deterministic (fair) schedulers polynomial time
<+ ... can be approximated using Bellman equation

provided the game is (almost surely) stopping under fairness
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To conclude:

+ Solving expected total rewards on stochastic games with fair minimizer ...

% ... is determined ,
It can be checked in

¢ ... has a solution on memoryless deterministic (fair) schedulers polynomial time
% ... can be approximated using Bellman equation Prototype

. . . . implemented in
provided the game is (almost surely) stopping under fairness PRISM
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To conclude:

+ Solving expected total rewards on stochastic games with fair minimizer ...

It can be Chm

polynomialti&<
% ... can be approximated using Bellman equation Prototype

ded th s (almost ) stoppi der fai implemented in
provided the game is (almost surely) stopping under fairness 7\

« An inconvenience: many interesting problems may not be stopping under fairness

% ... Is determined

+ ... has a solution on memoryless deterministic (fair) schedulers
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